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Apresentação - Tópico 14.3

Objetivos deste tópico:

▶ Entender como aplicar a decomposição de Benders em problemas de

Otimização Discreta;

▶ Ver alguns exemplos de trabalhos usando essa abordagem.

V́ıdeo-aula:

▶ https://youtu.be/OCWccz0SVF8

https://youtu.be/OCWccz0SVF8
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Decomposição de Benders
▷ Otimização linear discreta/mista

Caso 1: Subproblema com variáveis cont́ınuas apenas

min
x,y

cTx+ hT y

s.a Ax = b,

Tx+Dy = d,

x ∈ Zn, y ≥ 0.

sendo y ∈ Rp, b ∈ Rm, d ∈ Rh

D =


D1

D2

. . .

DK


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min
x,y

cTx+ hT y

s.a Ax = b,

Tx+Dy = d,

x ∈ Zn, y ≥ 0.

sendo y ∈ Rp, b ∈ Rm, d ∈ Rh

D =


D1

D2

. . .

DK





Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Decomposição de Benders em Otimização Discreta 3

Decomposição de Benders
▷ Otimização linear discreta/mista

≡ min
x

cTx+ vk

s.a Ax = b,

(dk − T kx)T p̄kq ≤ vk, k = 1, . . . ,K, ∀q ∈ Qk,

(dk − T kx)T p̄kr ≤ 0, k = 1, . . . ,K, ∀r ∈ Rk,

x ∈ Zn

sendo Qk e Rk os conjuntos de ı́ndices de pontos extremos

e raios extremos do k-ésimo subproblema

ϕk(x) = max
p

{
(dk − T kx)T p | Dkp ≤ hk

}
, k = 1, . . . ,K.
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Decomposição de Benders
▷ Otimização linear discreta/mista

▶ Estratégia simples (naive):

resolve-se cada PMB com as restrições de

integralidade, usando um software de programação inteira. Nesse caso,

resolver o PMB pode se tornar demorado com o aumento do número de

cortes gerados, podendo ficar inviável.

▶ Branch-and-Benders-cut (BBC): o método de plano de cortes é combinado

com o método branch-and-bound. Em cada nó, os cortes são gerados

resolvendo-se a relaxação linear do PMB. De acordo com algum critério

de parada, o método de planos de corte é interrompido e ramifica-se (por

exemplo, em alguma componente xi com valor fracionário, criando-se dois

novos nós tal que xi = 0 em um deles e xi = 1 no outro). Em geral, é a

forma mais eficiente de se implementar, principalmente se funções do tipo

callback são usadas (p. ex. ver documentação CPLEX).
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exemplo, em alguma componente xi com valor fracionário, criando-se dois

novos nós tal que xi = 0 em um deles e xi = 1 no outro). Em geral, é a
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de parada, o método de planos de corte é interrompido e ramifica-se
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Decomposição de Benders
▷ Otimização linear discreta/mista

▶ A partir de sua versão 12.7, o software CPLEX possui uma Decomposição

de Benders de propósito geral:

“CPLEX V12.7.0 implements Benders decomposition algorithm. In

particular, given a formulation of a problem, CPLEX V12.7.0 can

decompose the model into a single master and (possibly multiple)

subproblems. To do so, CPLEX can make use of annotations that you

supply for your model. The strategy can be applied to mixed-integer linear

programs (MILP). For certain types of problems, this approach can offer

significant performance improvements.”
https://www.ibm.com/support/knowledgecenter/SSSA5P_12.7.0/ilog.odms.cplex.

help/CPLEX/ReleaseNotes/topics/releasenotes127/newBenders.html

https://www.ibm.com/support/knowledgecenter/SSSA5P_12.7.0/ilog.odms.cplex.help/CPLEX/ReleaseNotes/topics/releasenotes127/newBenders.html
https://www.ibm.com/support/knowledgecenter/SSSA5P_12.7.0/ilog.odms.cplex.help/CPLEX/ReleaseNotes/topics/releasenotes127/newBenders.html
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Decomposição de Benders
▷ Benders, 1962
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Decomposição de Benders
▷ Benders, 1962
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Método L-shaped
▷ van Slyke and Wets, 1969
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Decomposição de Benders
▷ Otimização linear discreta/mista

Caso 2: Subproblema também com variáveis discretas

min
x,y

cTx+ hT y

s.a Ax = b,

Tx+Dy = d,

x ∈ Zn, y ∈ Zp
+.

b ∈ Rm, d ∈ Rh,

D =


D1

D2

. . .

DK


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Decomposição de Benders
▷ Otimização linear discreta

▶ O subproblema agora é um problema de otimização discreta:

min
y

{
hy | Dy = d− T x̄, y ∈ Zp

+

}

▶ Duas dificuldades principais: prática e teórica;

▶ Dificuldade prática: resolver;

▶ Dificuldade teórica: como obter o dual?

▶ Como então garantir que as soluções x não vão deixar o subproblema

infact́ıvel? (os raios do subproblema dual eram usados pra isso);

▶ A função ϕ(x) pode deixar de ser convexa.
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▶ Dificuldade prática: resolver;
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▶ Dificuldade prática: resolver;
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+

}
▶ Duas dificuldades principais: prática e teórica;

▶ Dificuldade prática: resolver;

▶ Dificuldade teórica:

como obter o dual?

▶ Como então garantir que as soluções x não vão deixar o subproblema

infact́ıvel? (os raios do subproblema dual eram usados pra isso);

▶ A função ϕ(x) pode deixar de ser convexa.
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▶ Dificuldade prática: resolver;
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Decomposição de Benders
▷ Otimização linear discreta

Cortes de factibilidade:

▶ Dado x̄ ∈ {0, 1}n tal que o subproblema seja infact́ıvel, precisamos inserir

restrições no PMB para cortar/eliminar essa solução da região fact́ıvel;

▶ Por exemplo, podemos usar a desigualdade:∑
i:x̄i=0

xi +
∑

i:x̄i=1

(1− xi) ≥ 1

▶ Outros tipos de desigualdade podem ser usados, incluindo aquelas que são

próprias de um problema;
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Decomposição de Benders
▷ Otimização linear discreta

Cortes de otimalidade: [Laporte e Louveaux, 1993]

▶ Dado x̄ ∈ {0, 1}n tal que o subproblema seja fact́ıvel, seja ϕ∗(x̄) o valor

ótimo do subproblema;

▶ Seja L um limitante (finito) para o valor do subproblema, i.e. L ≤ ϕ(x)

para todo x ∈ {0, 1}n t.q. Ax = b;

▶ O seguinte corte de otimalidade é válido para o problema mestre:

v ≥ ϕ∗(x̄)− (ϕ∗(x̄)− L)

( ∑
i:x̄i=0

xi +
∑

i:x̄i=1

(1− xi)

)
.

Obs.: Outra estratégia é resolver a relaxação linear do subproblema e, assim,

pode-se usar cortes gerados por pontos extremos e raios extremos, como antes.

Entretanto, obtém-se apenas um limitante inferior.
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v ≥ ϕ∗(x̄)− (ϕ∗(x̄)− L)

( ∑
i:x̄i=0

xi +
∑

i:x̄i=1

(1− xi)

)
.
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Método L-shaped inteiro
▷ Laporte and Louveaux, 1993
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Survey
▷ Gendron, Scutellà, Garroppo, Nencioni and Tavanti, 2016

European Journal of Operational Research 255 (2016) 151–162 
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Decision Support 

A branch-and-Benders-cut method for nonlinear power design in 

green wireless local area networks 

Bernard Gendron 
a , ∗, Maria Grazia Scutellàb , Rosario G. Garroppo 

c , Gianfranco Nencioni c , 
Luca Tavanti c 

a CIRRELT and DIRO, Université de Montréal, Montréal, Canada 
b Dipartimento di Informatica, Università di Pisa, Pisa, Italy 
c Dipartimento di Ingegneria dell’Informazione, Università di Pisa, Pisa, Italy 

a r t i c l e i n f o 

Article history: 

Received 6 July 2015 

Accepted 29 April 2016 

Available online 4 May 2016 

Keywords: 

Integer programming 

Benders decomposition 

Branch-and-cut 

Green wireless local area network 

Network design 

a b s t r a c t 

We consider a problem arising in the design of green wireless local area networks. Decisions on 

powering-on a set of access points (APs), via the assignment of one power level (PL) to each opened AP, 

and decisions on the assignment of the user terminals (UTs) to the opened APs, have to be taken simulta- 

neously. The PL assigned to an AP affects, in a nonlinear way, the capacity of the connections between the 

AP and the UTs that are assigned to it. The objective is to minimize the overall power consumption of the 

APs, which has two components: location/capacity dimensioning costs of the APs; assignment costs that 

depend on the total demands assigned to the APs. We develop a branch-and-Benders-cut (BBC) method 

where, in a non-standard fashion, the master problem includes the variables of the Benders subproblem, 

but relaxes their integrality. The BBC method has been tested on a large set of instances, and compared 

to a Benders decomposition algorithm on a subset of instances without assignment costs, where the two 

approaches can be compared. The computational results show the superiority of BBC in terms of solution 

quality, scalability and robustness. 

© 2016 Elsevier B.V. All rights reserved. 
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Survey
▷ Rahmaniani, Crainic, Gendreau and Rei, 2017
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Invited Review 

The Benders decomposition algorithm: A literature review 

Ragheb Rahmaniani a , c , Teodor Gabriel Crainic a , b , ∗, Michel Gendreau a , c , Walter Rei a , b 

a CIRRELT - Interuniversity Research Centre on Enterprise Networks, Logistics and Transportation, Université de Montréal, P.O. Box 6128, Station Centre-Ville, 
Montréal H3C 3J7, Canada 
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a r t i c l e i n f o 

Article history: 
Received 21 June 2016 
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Keywords: 
Combinatorial optimization 

Benders decomposition 

Acceleration techniques 

Literature review 

a b s t r a c t 

The Benders decomposition algorithm has been successfully applied to a wide range of difficult opti- 

mization problems. This paper presents a state-of-the-art survey of this algorithm, emphasizing its use in 

combinatorial optimization. We discuss the classical algorithm, the impact of the problem formulation on 

its convergence, and the relationship to other decomposition methods. We introduce a taxonomy of algo- 

rithmic enhancements and acceleration strategies based on the main components of the algorithm. The 

taxonomy provides the framework to synthesize the literature, and to identify shortcomings, trends and 

potential research directions. We also discuss the use of the Benders Decomposition to develop efficient 

(meta-)heuristics, describe the limitations of the classical algorithm, and present extensions enabling its 

application to a broader range of problems. 

© 2016 Elsevier B.V. All rights reserved. 

1. Introduction 

           

           

         

         

            

           

            

          

         

         

         

           

            

          

             

   

            

           

           

          

         

          

          

      

     

requirements (feasibility cuts) and the projected costs (optimality 
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Survey
▷ Costa, 2005

Available online at www.sciencedirect.com

Computers & Operations Research 32 (2005) 1429–1450
www.elsevier.com/locate/dsw

A survey on benders decomposition applied to �xed-charge
network design problems

Alysson M. Costa∗

Canada Research Chair in Distribution Management, HEC Montr�eal, 3000 Chemin de la Côte-Sainte-Catherine,

Montr�eal, Canada H3T 2A7

Abstract

Network design problems concern the selection of arcs in a graph in order to satisfy, at minimum cost, some


ow requirements, usually expressed in the form of origin–destination pair demands. Benders decomposition

methods, based on the idea of partition and delayed constraint generation, have been successfully applied to

many of these problems. This article presents a review of these applications.

? 2003 Elsevier Ltd. All rights reserved.

Keywords: Benders decomposition; Network design; Fixed charge
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Aplicação em Loǵıstica Humanitária
▷ Moreno et al., 2019
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▶ Obrigado pela atenção!

▶ Dúvidas?


