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Apresentação - Tópico 13.2

Objetivos deste tópico:

▶ Entender como realizar a agregação de subproblemas e conhecer

suas vantagens e consequências, principalmente quando esses

subproblemas são idênticos.

V́ıdeo-aula:

▶ https://youtu.be/9Mb6RuLjt2k

https://youtu.be/9Mb6RuLjt2k
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: estrutura em blocos

min f(x) = cTx,

s.a Ax = b,

x ∈ X

X = {x ∈ Zn | Dx = d, x ≥ 0}, b ∈ Rm, d ∈ Rh

D =


D1

D2

. . .

DK


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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: estrutura em blocos

min f(x) = c1x1 + c2x2 + . . .+ cKxK ,

s.a A1x1 +A2x2 + . . .+AKxK = b,

xk ∈ X k, k = 1, . . . ,K

X k = {xk ∈ Znk | Dkxk = dk, xk ≥ 0}, b ∈ Rm, d ∈ Rh

X 1 :

X 2 :
...

XK :


D1

D2

. . .

DK




x1

x2

...

xK

 =


d1

d2

...

dK


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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: estrutura em blocos

min f(x) = c1x1 + c2x2 + . . .+ cKxK ,

s.a A1x1 +A2x2 + . . .+AKxK = b,

xk ∈ Ck = conv(X k), k = 1, . . . ,K,

xk ∈ Znk
+ , k = 1, . . . ,K

X k = {xk ∈ Znk | Dkxk = dk, xk ≥ 0}, b ∈ Rm, d ∈ Rh

X 1 :

X 2 :
...

XK :


D1

D2

. . .

DK




x1

x2

...

xK

 =


d1

d2

...

dK


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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: estrutura em blocos

Problema Mestre Desagregado:

min
K∑

k=1

∑
q∈Qk

ckqλ
k
q +

K∑
k=1

∑
r∈Rk

ckrµ
k
r

s.a
K∑

k=1

∑
q∈Qk

ak
qλ

k
q +

K∑
k=1

∑
r∈Rk

ak
rµ

k
r = b,

∑
q∈Qk

λk
q = 1, k = 1, . . . ,K,

λk
q ≥ 0, µk

r ≥ 0, k = 1, . . . ,K, ∀q ∈ Qk,∀r ∈ Rk.

xk ∈ Znk
+ , k = 1, . . . ,K,

xk =
∑
q∈Qk

λk
q x̄

k
q +

∑
r∈Rk

µrx̄
k
r , k = 1, . . . ,K.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

min f(x) = c1x1 + c2x2 + . . .+ cKxK ,

s.a A1x1 +A2x2 + . . .+AKxK = b,

xk ∈ X k, k = 1, . . . ,K

X k = {xk ∈ Znk | Dkxk = dk, xk ≥ 0}, b ∈ Rm, d ∈ Rh

X 1 :

X 2 :
...

XK :


D1

D2

. . .

DK




x1

x2

...

xK

 =


d1

d2

...

dK


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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

min f(x) = c1x1 + c2x2 + . . .+ cKxK ,

s.a A1x1 +A2x2 + . . .+AKxK = b,

xk ∈ X k, k = 1, . . . ,K

X k = {xk ∈ Znk | Dkxk = dk, xk ≥ 0}, b ∈ Rm, d ∈ Rh

X 1 :

X 2 :
...

XK :


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. . .

DK
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

min f(x) = c1x1 + c2x2 + . . .+ cKxK ,

s.a A1x1 +A2x2 + . . .+AKxK = b,

x ∈ X = X 1 ×X 2 × . . .×XK

X k = {xk ∈ Znk | Dkxk = dk, xk ≥ 0}, b ∈ Rm, d ∈ Rh

X 1 :

X 2 :
...

XK :


D1

D2

. . .

DK




x1

x2

...

xK

 =


d1

d2

...

dK


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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

min f(x) = c1x1 + c2x2 + . . .+ cKxK ,

s.a A1x1 +A2x2 + . . .+AKxK = b,

x ∈ C = C1 × C2 × . . .× CK ,

x ∈ Zn
+,

X k = {xk ∈ Znk | Dkxk = dk, xk ≥ 0}, b ∈ Rm, d ∈ Rh

X 1 :

X 2 :
...

XK :


D1

D2

. . .

DK




x1

x2

...

xK

 =


d1

d2

...

dK


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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

Problema Mestre Agregado:

min
∑
q∈Q

(
K∑

k=1

ckx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

ckx̄k
r

)
µr

s.a
∑
q∈Q

(
K∑

k=1

Akx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

Akx̄k
r

)
µr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

xk ∈ Znk
+ , k = 1, . . . ,K,

xk =
∑
q∈Q

λqx̄
k
q +

∑
r∈R

µrx̄
k
r , k = 1, . . . ,K.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

Problema Mestre Agregado:

min
∑
q∈Q

(
K∑

k=1

ckx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

ckx̄k
r

)
µr

s.a
∑
q∈Q

(
K∑

k=1

Akx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

Akx̄k
r

)
µr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

xk ∈ Znk
+ , k = 1, . . . ,K,

xk =
∑
q∈Q

λqx̄
k
q +

∑
r∈R

µrx̄
k
r , k = 1, . . . ,K.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

Problema Mestre Agregado:

min
∑
q∈Q

(
K∑

k=1

ckx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

ckx̄k
r

)
µr

s.a
∑
q∈Q

(
K∑

k=1

Akx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

Akx̄k
r

)
µr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

xk ∈ Znk
+ , k = 1, . . . ,K,

xk =
∑
q∈Q

λqx̄
k
q +

∑
r∈R

µrx̄
k
r , k = 1, . . . ,K.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

Problema Mestre Agregado:

min
∑
q∈Q

(
K∑

k=1

ckx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

ckx̄k
r

)
µr

s.a
∑
q∈Q

(
K∑

k=1

Akx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

Akx̄k
r

)
µr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R

,

xk ∈ Znk
+ , k = 1, . . . ,K,

xk =
∑
q∈Q

λqx̄
k
q +

∑
r∈R

µrx̄
k
r , k = 1, . . . ,K.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

Problema Mestre Agregado:

min
∑
q∈Q

(
K∑

k=1

ckx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

ckx̄k
r

)
µr

s.a
∑
q∈Q

(
K∑

k=1

Akx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

Akx̄k
r

)
µr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

xk ∈ Znk
+ , k = 1, . . . ,K

,

xk =
∑
q∈Q

λqx̄
k
q +

∑
r∈R

µrx̄
k
r , k = 1, . . . ,K.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

Problema Mestre Agregado:

min
∑
q∈Q

(
K∑

k=1

ckx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

ckx̄k
r

)
µr

s.a
∑
q∈Q

(
K∑

k=1

Akx̄k
q

)
λq +

∑
r∈R
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r

)
µr = b,
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λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

xk ∈ Znk
+ , k = 1, . . . ,K,

xk =
∑
q∈Q

λqx̄
k
q +

∑
r∈R

µrx̄
k
r , k = 1, . . . ,K.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: agregação

Problema Mestre Agregado:

min
∑
q∈Q

ĉqλq +
∑
r∈R

ĉrµr

s.a
∑
q∈Q

âqλq +
∑
r∈R

ârµr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

x ∈ Zn
+,

x =
∑
q∈Q

λqx̄q +
∑
r∈R

µrx̄r,

ĉq =

(
K∑

k=1

c
k
x̄
k
q

)
; âq =

(
K∑

k=1

A
k
x̄
k
q

)
; ĉr =

(
K∑

k=1

c
k
x̄
k
r

)
; âr =

(
K∑

k=1

A
k
x̄
k
r

)
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: blocos idênticos

min f(x) = c1x1 + c2x2 + . . .+ cKxK ,

s.a A1x1 +A2x2 + . . .+AKxK = b,

xk ∈ X k, k = 1, . . . ,K

X k = {xk ∈ Znk | Dkxk = dk, xk ≥ 0}, b ∈ Rm, d ∈ Rh

X 1 :

X 2 :
...

XK :


D1

D2

. . .

DK




x1

x2

...

xK

 =


d1

d2

...

dK


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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: blocos idênticos

min f(x) = c1x1 + c2x2 + . . .+ cKxK ,

s.a A1x1 +A2x2 + . . .+AKxK = b,

xk ∈ X k, k = 1, . . . ,K

X k = {xk ∈ Znk | Dkxk = dk, xk ≥ 0}, b ∈ Rm, d ∈ Rh

X 1 :

X 2 :
...

XK :


D1

D2

. . .

DK




x1

x2

...

xK

 =


d1

d2

...

dK


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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: blocos idênticos

min f(x) = c1x1 + c1x2 + . . .+ c1xK ,

s.a A1x1 +A1x2 + . . .+A1xK = b,

xk ∈ X k, k = 1, . . . ,K

X k = {xk ∈ Znk | D1xk = d1, xk ≥ 0}, b ∈ Rm, d ∈ Rh

X 1 :

X 2 :
...

XK :


D1

D1

. . .

D1




x1

x2

...

xK

 =


d1

d1

...

d1


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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: blocos idênticos

min f(x) = c1x1 + c1x2 + . . .+ c1xK ,

s.a A1x1 +A1x2 + . . .+A1xK = b,

xk ∈ X 1, k = 1, . . . ,K

X 1 = {x1 ∈ Zn1 | D1x1 = d1, x1 ≥ 0}, b ∈ Rm, d ∈ Rh

X 1 :

X 1 :
...

X 1 :


D1

D1

. . .

D1




x1

x1

...

x1

 =


d1

d1

...

d1


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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: blocos idênticos

Problema Mestre Agregado:

min
∑
q∈Q

(
K∑

k=1

ckx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

ckx̄k
r

)
µr

s.a
∑
q∈Q

(
K∑

k=1

Akx̄k
q

)
λq +

∑
r∈R

(
K∑

k=1

Akx̄k
r

)
µr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

xk ∈ Znk
+ , k = 1, . . . ,K,

xk =
∑
q∈Q

x̄k
qλq +

∑
r∈R

x̄k
rµr, k = 1, . . . ,K.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: blocos idênticos

Problema Mestre Agregado:

min
∑
q∈Q

(
K∑

k=1

c1x̄1
q

)
λq +

∑
r∈R

(
K∑

k=1

c1x̄1
r

)
µr

s.a
∑
q∈Q

(
K∑

k=1

A1x̄1
q

)
λq +

∑
r∈R

(
K∑

k=1

A1x̄1
r

)
µr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

xk ∈ Znk
+ , k = 1, . . . ,K,

xk =
∑
q∈Q

x̄1
qλq +

∑
r∈R

x̄1
rµr, k = 1, . . . ,K.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: blocos idênticos

Problema Mestre Agregado:

min
∑
q∈Q

(
Kc1x̄1

q

)
λq +

∑
r∈R

(
Kc1x̄1

r

)
µr

s.a
∑
q∈Q

(
KA1x̄1

q

)
λq +

∑
r∈R

(
KA1x̄1

r

)
µr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

xk ∈ Znk
+ , k = 1, . . . ,K,

K∑
k=1

xk =
∑
q∈Q

Kx̄1
qλq +

∑
r∈R

Kx̄1
rµr.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: blocos idênticos

Problema Mestre Agregado:

min
∑
q∈Q

(
c1x̄1

q

)
Kλq +

∑
r∈R

(
c1x̄1

r

)
Kµr

s.a
∑
q∈Q

(
A1x̄1

q

)
Kλq +

∑
r∈R

(
A1x̄1

r

)
Kµr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

xk ∈ Znk
+ , k = 1, . . . ,K,

K∑
k=1

xk =
∑
q∈Q

x̄1
qKλq +

∑
r∈R

x̄1
rKµr.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: blocos idênticos

Problema Mestre Agregado:

min
∑
q∈Q

(
c1x̄1

q

)
λ̂q +

∑
r∈R

(
c1x̄1

r

)
µ̂r

s.a
∑
q∈Q

(
A1x̄1

q

)
λ̂q +

∑
r∈R

(
A1x̄1

r

)
µ̂r = b,

∑
q∈Q

λ̂q = K,

λ̂q ≥ 0, µ̂r ≥ 0, q ∈ Q, r ∈ R,

xk ∈ Znk
+ , k = 1, . . . ,K,

K∑
k=1

xk =
∑
q∈Q

x̄1
qλ̂q +

∑
r∈R

x̄1
rµ̂r.

▶ com λ̂q = Kλq ; µ̂r = Kµr.
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Algumas observações...

▶ Quando 0 ∈ X , a restrição de convexidade pode ser relaxada para∑
q∈Q λq ≤ 1.

O mesmo se aplica para o caso agregado com blocos

idênticos, i.e.
∑

q∈Q λ̂q ≤ K;

▶ Em alguns problemas, as restrições de convexidade são sempre satisfeitas,

devido à implicação de outras restrições do PM. Nesses casos, podem ser

descartadas;

▶ Agregação é útil quando se tem muitos subproblemas. Independente do

número de subproblemas, acrescenta-se sempre uma única coluna por

iteração. Entretanto, pode dificultar a solução do problema, já que várias

colunas são agregadas em uma única;

▶ A agregação de blocos idênticos pode dificultar a ramificação.
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devido à implicação de outras restrições do PM.

Nesses casos, podem ser

descartadas;
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▶ Obrigado pela atenção!

▶ Dúvidas?


