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Apresentação - Tópico 13.1

Objetivos deste tópico:

▶ Compreender como aplicar a Decomposição de Dantzig-Wolfe

quando o problema possui variáveis discretas;

▶ Conhecer as técnicas de convexificação e discretização;

▶ Entender o que é o método branch-and-price e suas principais

caracteŕısticas.

V́ıdeo-aula:

▶ https://youtu.be/aPcc1iZn-ZM

https://youtu.be/aPcc1iZn-ZM


Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Decomposição de Dantzig-Wolfe em problemas de Otimização Discreta 2

Problema de dimensionamento de lotes com capacidade
▷ Problema Mestre

min
n∑

i=1

∑
q∈Qi

T∑
t=1

(citx̄qit + hitĪqit)λ
i
q

s.a
n∑

i=1

∑
q∈Qi

(aix̄qit)λ
i
q ≤ bt, t = 1, . . . , T,

∑
q∈Qi

λi
q = 1, i = 1, . . . , n,

λi
q ≥ 0, i = 1, . . . , n, q ∈ Qi.

▶ Podeŕıamos chegar a essa formulação intuitivamente, apenas com o

conhecimento do problema? (ou seja, sem recorrer à DDW)
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Problema de dimensionamento de lotes com capacidade
▷ Problema Mestre

▶ Pensamos em posśıveis planos de produção para cada item, por exemplo:
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Ī13


=



4500

0

0

3600

1800

0


,



x̄21

x̄22

x̄23
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▶ E transformamos em colunas do problema mestre...
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Problema de dimensionamento de lotes com capacidade
▷ Problema Mestre

min 6750λ1
1 + 1100λ2

1 + . . .

s.a 450λ1
1 + 32λ2

1 + . . . ≤ 240

0λ1
1 + 112λ2

1 + . . . ≤ 320

0λ1
1 + 0λ2

1 + . . . ≤ 200

λ1
1 + . . . = 1,

λ2
1 + . . . = 1,

λ1
1, λ

2
1, . . . ≥ 0.

▶ Podeŕıamos chegar a essa formulação intuitivamente, apenas com o

conhecimento do problema? (ou seja, sem recorrer à DDW)
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Formulação alternativa para o PDL com preparação
▷ Manne, Management Science 4, 1958
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Formulação alternativa para o PDL com preparação
▷ Manne, Management Science 4, 1958
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PDL com restrição de capacidade
▷ Formulação compacta

min
n∑

i=1

T∑
t=1

citxit +

n∑
i=1

T∑
t=1

hitIit

s.a
n∑

i=1

aixit ≤ bt, t = 1, . . . , T,

xit + Ii,t−1 = dit + Iit, i = 1, . . . , n; t = 1, . . . , T,

Ii0 = 0, i = 1, . . . , n,

xit ≥ 0, Iit ≥ 0, i = 1, . . . , n; t = 1, . . . , T.
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PDL com restrição de capacidade e tempo de preparação
▷ Formulação compacta

min
n∑

i=1

T∑
t=1

citxit +

n∑
i=1

T∑
t=1

hitIit +

n∑
i=1

T∑
t=1

sityit

s.a
n∑

i=1

(aixit + stiyit) ≤ bt, t = 1, . . . , T,

xit + Ii,t−1 = dit + Iit, i = 1, . . . , n; t = 1, . . . , T,

xit ≤ Cyit, i = 1, . . . , n; t = 1, . . . , T,

Ii0 = 0, i = 1, . . . , n,

xit ≥ 0, Iit ≥ 0, yit ∈ {0, 1}, i = 1, . . . , n; t = 1, . . . , T.
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PDL com restrição de capacidade e tempo de preparação
▷ Exemplo

Uma fábrica de refrigerantes produz dois tipos de bebidas, por meio de um único tanque.

Para processar 1000 litros da bebida 1 são necessárias 100 horas do tanque, enquanto

para 1000 litros da bebida 2, são necessárias 80 horas. A produção de uma bebida em

um dado peŕıodo requer a limpeza e resfriamento do tanque. Esse tempo é de 12 horas

para a bebida 1 e 8 horas para a bebida 2. A disponibilidade do tanque para a fabricação

destas bebidas nos próximos 3 meses é de 240, 320 e 200 horas. O departamento de

vendas fez uma previsão de demanda para os próximos 3 meses. A demanda de cada

bebida e os posśıveis custos envolvidos são dados na tabela abaixo. Deseja-se determinar

quanto produzir e estocar de cada bebida em cada peŕıodo.

Bebida 1 Bebida 2

Peŕıodo 1 2 3 1 2 3

Demanda (L) 900 1800 1800 400 600 800

Custo prod (R$/L) 1.0 1.5 2.0 0.5 0.5 0.9

Custo estoc (R$/L) 0.5 0.25 — 0.25 0.25 —

Custo prep (R$) 2.0 4.0 4.0 8.0 8.0 8.0
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PDL com restrição de capacidade e tempo de preparação
▷ Exemplo: formulação

min 1.0x11 + 1.5x12 + 2.0x13 + 0.5x21 + 0.5x22 + 0.9x23

+0.5I11 + 0.25I12 + 0.25I21 + 0.25I22

+2.0y11 + 4.0y12 + 4.0y13 + 8.0y21 + 8.0y22 + 8.0y23

s.a 0.1x11 + 0.08x21 + 12y11 + 8y21 ≤ 240

0.1x12 + 0.08x22 + 12y12 + 8y22 ≤ 320

0.1x13 + 0.08x23 + 12y13 + 8y23 ≤ 200

x11 + I10 − I11 = 900

x12 + I11 − I12 = 1800

x13 + I12 − I13 = 1800

x21 + I20 − I21 = 400

x22 + I21 − I22 = 600

x23 + I22 − I23 = 800

x11 ≤ 5000y11 x21 ≤ 5000y21

x12 ≤ 5000y12 x22 ≤ 5000y22

x13 ≤ 5000y13 x23 ≤ 5000y23

I10 = 0, I20 = 0

x11, x12, . . . , x23 ≥ 0

I11, I12, . . . , I23 ≥ 0

y11, y12, . . . , y23 ∈ {0, 1}



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Decomposição de Dantzig-Wolfe em problemas de Otimização Discreta 11

PDL com restrição de capacidade e tempo de preparação
▷ Formulação compacta

min
n∑

i=1

T∑
t=1

citxit +

n∑
i=1

T∑
t=1

hitIit +

n∑
i=1

T∑
t=1

sityit

s.a
n∑

i=1

(aixit + stiyit) ≤ bt, t = 1, . . . , T,

xit + Ii,t−1 = dit + Iit, i = 1, . . . , n; t = 1, . . . , T,

xit ≤ Cyit, i = 1, . . . , n; t = 1, . . . , T,

Ii0 = 0, i = 1, . . . , n,

xit ≥ 0, Iit ≥ 0, yit ∈ {0, 1}, i = 1, . . . , n; t = 1, . . . , T.
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PDL com restrição de capacidade
▷ Formulação extensiva (estendida)

min
n∑

i=1

∑
q∈Qi

T∑
t=1

(citx̄qit + hitĪqit)λ
i
q

s.a
n∑

i=1

∑
q∈Qi

(aix̄qit)λ
i
q ≤ bt, t = 1, . . . , T,

∑
q∈Qi

λi
q = 1, i = 1, . . . , n,

λi
q ≥ 0, i = 1, . . . , n, q ∈ Qi.

▶ É equivalente à formulação compacta?

▶ Podemos garantir que a preparação será de fato 0 ou 1?
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PDL com restrição de capacidade e tempo de preparação
▷ Formulação extensiva (estendida) - adaptada

min
n∑

i=1

∑
q∈Qi

T∑
t=1

(citx̄qit + hitĪqit + sitȳqit)λ
i
q

s.a
n∑

i=1

∑
q∈Qi

(aix̄qit + stiȳqit)λ
i
q ≤ bt, t = 1, . . . , T,

∑
q∈Qi

λi
q = 1, i = 1, . . . , n,

λi
q ≥ 0, i = 1, . . . , n, q ∈ Qi.

▶ É equivalente à formulação compacta?

▶ Podemos garantir que a preparação será de fato 0 ou 1?



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Decomposição de Dantzig-Wolfe em problemas de Otimização Discreta 13
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∑
q∈Qi
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PDL com restrição de capacidade e tempo de preparação
▷ Formulação extensiva (estendida) - adaptada
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n∑

i=1

∑
q∈Qi

T∑
t=1

(citx̄qit + hitĪqit + sitȳqit)λ
i
q

s.a
n∑

i=1

∑
q∈Qi

(aix̄qit + stiȳqit)λ
i
q ≤ bt, t = 1, . . . , T,

∑
q∈Qi

λi
q = 1, i = 1, . . . , n,
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q ≥ 0, i = 1, . . . , n, q ∈ Qi.
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Formulação alternativa para o PDL com preparação
▷ Degraeve and Jans, Operations Research 55, 2007

OPERATIONS RESEARCH

Vol. 55, No. 5, September–October 2007, pp. 909–920
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A New Dantzig-Wolfe Reformulation and

Branch-and-Price Algorithm for the Capacitated

Lot-Sizing Problem with Setup Times

Zeger Degraeve
London Business School, Regent’s Park, London NW1 4SA, United Kingdom, zdegraeve@london.edu

Raf Jans
RSM Erasmus University, 3000 DR Rotterdam, The Netherlands, rjans@rsm.nl

Although the textbook Dantzig-Wolfe decomposition reformulation for the capacitated lot-sizing problem, as already pro-
posed by Manne [Manne, A. S. 1958. Programming of economic lot sizes. Management Sci. 4(2) 115–135], provides
a strong lower bound, it also has an important structural deficiency. Imposing integrality constraints on the columns in
the master program will not necessarily give the optimal integer programming solution. Manne’s model contains only
production plans that satisfy the Wagner-Whitin property, and it is well known that the optimal solution to a capacitated
lot-sizing problem will not necessarily satisfy this property. The first contribution of this paper answers the following
question, unsolved for almost 50 years: If Manne’s formulation is not equivalent to the original problem, what is then a
correct reformulation? We develop an equivalent mixed-integer programming (MIP) formulation to the original problem
and show how this results from applying the Dantzig-Wolfe decomposition to the original MIP formulation. The set of
extreme points of the lot-size polytope that are needed for this MIP Dantzig-Wolfe reformulation is much larger than the
set of dominant plans used by Manne. We further show how the integrality restrictions on the original setup variables
translate into integrality restrictions on the new master variables by separating the setup and production decisions. Our
new formulation gives the same lower bound as Manne’s reformulation. Second, we develop a branch-and-price algorithm
for the problem. Computational experiments are presented on data sets available from the literature. Column generation is
accelerated by a combination of simplex and subgradient optimization for finding the dual prices. The results show that
branch-and-price is computationally tractable and competitive with other state-of-the-art approaches found in the literature.

Subject classifications : integer programming, algorithms: decomposition, column generation, branch-and-price;
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Formulação alternativa para o PDL com preparação
▷ Degraeve and Jans, Operations Research 55, 2007

available in the first period at a large feasibility cost of fci
(Vanderbeck 1998). There is no setup required for initial
inventory. Next, we have the setup forcing (3) and capacity
constraints (4). Finally, we have the nonnegativity and inte-
grality constraints (5), and the inventory at the end of the
final period is set to zero. Let vCLST be the optimal objec-
tive value for problem (1)–(5) and °vCLST its LP relaxation.
We introduce a more compact notation for the variables:
xi = 4xi11 xi21 0 0 0 1 xim5, si = 4si01 si11 si21 0 0 0 1 sim5, and yi =
4yi11 yi21 0 0 0 1 yim5. Further, we define X

i, the single-item lot-
size polytope for each product i, as follows:

X i=























4xi1si1yi5

∣

∣

∣

∣

∣

∣

∣

∣

∣

si1t−1+xit=dit+sit ∀t∈T 3

xit¶sditmyit ∀t∈T 3

yit ∈801191 xit¾01 sit¾0 ∀t∈T 3
si0¾03 sim=00























0

We first provide a brief literature review on the capac-
itated lot-sizing problem (§2). The starting point of this
research is the well-known observation that the formulation
provided by Manne (1958) has a structural deficiency
because it is not equivalent to formulation (1)–(5) and pro-
vides only a lower bound. It is important to make a distinc-
tion between a formulation, in our case a Dantzig-Wolfe
(DW) decomposition reformulation, and a solution method,
i.e., column generation and branch-and-price (B&P). We
have contributions on both accounts. To the best of our
knowledge, this is the first time that a formulation has
been proposed for the dynamic lot-sizing problem, which is
the equivalent mixed-integer programming (MIP) Dantzig-

sizing problems. Eppen and Martin (1987) propose a differ-

ent approach for tightening the formulation using variable

redefinition. Kleindorfer and Newson (1975), Thizy and

Van Wassenhove (1985), and Trigeiro et al. (1989) propose

to dualize the capacity constraint in a Lagrange relaxation

approach. A detailed discussion of solution approaches for

the CLST can be found in Jans and Degraeve (2007).

Manne (1958) proposes an innovative linear program-

ming formulation for the CLST. He explicitly mod-

els all the possible setup schedules. Let q ∈ Qi, Qi =
84yi11 0 0 0 1 yim5 � yit ∈ 80119 ∀ t ∈ T 9 be a feasible setup

schedule, and let y
q
it be one if there is a setup for item

i in period t in setup schedule q, zero otherwise. There

are 2m different setup schedules possible for each product.

Exactly one “dominant” production plan corresponds with

each setup schedule. Manne considers only dominant pro-

duction schedules, which have the property that for each

period, demand will be met by production in that period

if there is a setup, or otherwise from the nearest preceding

period with a setup. Manne’s dominant production sched-

ules are in fact all the production schedules satisfying the

Wagner and Whitin (1958) condition: si1 t−1xit = 0 ∀ t ∈
T 1 ∀ i ∈ I . The Wagner-Whitin production plan for item i
according to setup schedule q is defined by the produc-

tion quantities x
q
it and is further referred to as the Wagner-

Whitin production plan q:

x
q
it = 0 if y

q
it = 01= sdit1 k−1 otherwise,
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Formulação alternativa para o PDL com preparação
▷ Degraeve and Jans, Operations Research 55, 2007

Min
∑

i∈I

∑

p∈P i

(

fcis
p
i0+

∑

t∈T

4scity
p
it+vcitx

p
it+hcits

p
it5

)

zip1 (13)

s.t.
∑

i∈I

∑

p∈P i

4y
p
itstit+x

p
itvtit5z

i
p¶capt ∀t∈T 1 (14)

∑

p∈P i

zip=1 ∀i∈ I1 (15)

yit=
∑

p∈P i

y
p
itz

i
p ∀i∈ I1∀t∈T 1 (16)

xit=
∑

p∈P i

x
p
itz

i
p ∀i∈ I1∀t∈T 1 (17)

yit ∈80119 ∀i∈ I1∀t∈T 1 (18)

zip¾0 ∀i∈ I1∀p∈P i0 (19)

Step 2. Alternative Description of the Set of Extreme

Points. In the first step, we defined P i generally as the

set of all the extreme points of conv(X i5. In this second

step, we define this set more explicitly. Proposition 1 states

that P i consists of all the feasible solutions of X i that also

satisfy the Wagner-Whitin property. This set is much larger

than the set of the 2m dominant plans that Manne used

because the set of extreme points also includes nondomi-

nant plans satisfying the Wagner-Whitin property, in which

it is possible that there is a setup, but no production for

some time periods. In Proposition 2, we establish the exact

solutions satisfying the Wagner-Whitin property, we can

now redefine P i as follows:

P i =
{

4xv
i 1 s

v
i 1 y

q
i 5 � q ∈Qi1 v ∈Qiq

}

0

Step 3. Rewriting the Dantzig-Wolfe Reformulation. We

rewrite the model in terms of convex combinations of

extreme points, using the fact that we can define the set P i

in terms of Qi and Qiq 2
∑

p∈P i zip =
∑

q∈Qi

∑

v∈Qiq ziqv. The
variable ziqv refers to the extreme point formed by taking

setup schedule q ∈ Qi and the dominant Wagner-Whitin

production plan associated with the setup schedule v ∈Qiq .

The Step 3 formulation, then, is as follows:

Min
∑

i∈I

∑

q∈Qi

∑

v∈Qiq

(

fcis
v
i0+

∑

t∈T

4scity
q
it+vcitx

v
it+hcits

v
it5

)

ziqv1

(20)

s.t.
∑

i∈I

∑

q∈Qi

∑

v∈Qiq

4y
q
itstit+xv

itvtit5z
i
qv¶capt ∀t∈T 1 (21)

∑

q∈Qi

∑

v∈Qiq

ziqv=1 ∀i∈ I1 (22)

yit=
∑

q∈Qi

∑

v∈Qiq

y
q
itz

i
qv ∀i∈ I1∀t∈T 1 (23)

yit ∈80119 ∀i∈ I1∀t∈T 1 (24)

ziqv¾0 ∀i∈ I1q∈Qi1v∈Qiq 0 (25)

Step 4. Integrality Constraints. Define a new variable

as follows:
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PDL com restrição de capacidade e tempo de preparação
▷ Formulação compacta

min
n∑

i=1

T∑
t=1

citxit +
n∑

i=1

T∑
t=1

hitIit +
n∑

i=1

T∑
t=1

sityit

s.a
n∑

i=1

(aixit + stiyit) ≤ bt, t = 1, . . . , T,

xit + Ii,t−1 = dit + Iit, i = 1, . . . , n; t = 1, . . . , T,

xit ≤ Cyit, i = 1, . . . , n; t = 1, . . . , T,
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PDL com restrição de capacidade e tempo de preparação
▷ Decomposição

▶ Podemos usar o Teorema da Representação?

Não! Os subconjuntos não são mais convexos agora.

▶ Podemos contornar isso usando convexificação.

Convexificação:

▶ Substitúımos X i por Ci = conv(X i), o menor conjunto convexo contendo

todos os pontos de X i;

▶ Quando X i é limitado, temos que Ci é dado pelo envoltório convexo dos

pontos de X i.
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Subproblemas discretos
▷ Convexificação
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Subproblemas discretos
▷ Convexificação
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Subproblemas discretos
▷ Convexificação
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PDL com restrição de capacidade e tempo de preparação
▷ Decomposição: convexificação

▶ Qualquer (xi, Ii, yi) ∈ Ci pode ser escrito como:

(xi, Ii, yi) =
∑
q∈Qi

λi
q(x̄qi, Īqi, ȳqi) +

∑
r∈Ri

µi
r(x̄ri, Īri, ȳri),

∑
q∈Qi

λi
q = 1, λi

q ≥ 0, µi
r ≥ 0, i = 1, . . . , n,

sendo (x̄qi, Īqi, ȳqi), q ∈ Qi, os pontos extremos de Ci e (x̄ri, Īri, ȳri),

r ∈ Ri, os raios extremos de Ci;

▶ Neste caso particular do PDL com preparação, o subproblema é limitado

e, assim, Ci é descrito apenas por seus pontos extremos.
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∑
r∈Ri

µi
r(x̄ri, Īri, ȳri),
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sendo (x̄qi, Īqi, ȳqi), q ∈ Qi, os pontos extremos de Ci e (x̄ri, Īri, ȳri),
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PDL com restrição de capacidade e tempo de preparação
▷ Decomposição: convexificação

X i = { (xi, Ii, yi) | xit + Ii,t−1 = dit + Iit, t = 1, . . . , T,

xit ≤ Cyit, t = 1, . . . , T,

Ii0 = 0,

xit ≥ 0, Iit ≥ 0, yit ∈ {0, 1}, t = 1, . . . , T}

Ci = conv(X i)

min
n∑

i=1

T∑
t=1

citxit +

n∑
i=1

T∑
t=1

hitIit +

n∑
i=1

T∑
t=1

sityit

s.a
n∑

i=1

(aixit + stiyit) ≤ bt, t = 1, . . . , T,

(xi, Ii, yi) ∈ Ci, i = 1, . . . , n,

yit ∈ {0, 1}, i = 1, . . . , n, t = 1, . . . , T.



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Decomposição de Dantzig-Wolfe em problemas de Otimização Discreta 23

PDL com restrição de capacidade e tempo de preparação
▷ Decomposição: convexificação

X i = { (xi, Ii, yi) | xit + Ii,t−1 = dit + Iit, t = 1, . . . , T,

xit ≤ Cyit, t = 1, . . . , T,

Ii0 = 0,

xit ≥ 0, Iit ≥ 0, yit ∈ {0, 1}, t = 1, . . . , T}

Ci = conv(X i)

min
n∑

i=1

T∑
t=1

citxit +

n∑
i=1

T∑
t=1

hitIit +

n∑
i=1

T∑
t=1

sityit

s.a
n∑

i=1

(aixit + stiyit) ≤ bt, t = 1, . . . , T,

(xi, Ii, yi) ∈ Ci, i = 1, . . . , n,

yit ∈ {0, 1}, i = 1, . . . , n, t = 1, . . . , T.



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Decomposição de Dantzig-Wolfe em problemas de Otimização Discreta 23

PDL com restrição de capacidade e tempo de preparação
▷ Decomposição: convexificação

X i = { (xi, Ii, yi) | xit + Ii,t−1 = dit + Iit, t = 1, . . . , T,

xit ≤ Cyit, t = 1, . . . , T,

Ii0 = 0,

xit ≥ 0, Iit ≥ 0, yit ∈ {0, 1}, t = 1, . . . , T}

Ci = conv(X i)

min
n∑

i=1

T∑
t=1

citxit +

n∑
i=1

T∑
t=1

hitIit +

n∑
i=1

T∑
t=1

sityit

s.a
n∑

i=1

(aixit + stiyit) ≤ bt, t = 1, . . . , T,

(xi, Ii, yi) ∈ Ci, i = 1, . . . , n

,

yit ∈ {0, 1}, i = 1, . . . , n, t = 1, . . . , T.



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Decomposição de Dantzig-Wolfe em problemas de Otimização Discreta 23

PDL com restrição de capacidade e tempo de preparação
▷ Decomposição: convexificação

X i = { (xi, Ii, yi) | xit + Ii,t−1 = dit + Iit, t = 1, . . . , T,

xit ≤ Cyit, t = 1, . . . , T,

Ii0 = 0,

xit ≥ 0, Iit ≥ 0, yit ∈ {0, 1}, t = 1, . . . , T}

Ci = conv(X i)

min
n∑

i=1

T∑
t=1

citxit +

n∑
i=1

T∑
t=1

hitIit +

n∑
i=1

T∑
t=1

sityit

s.a
n∑

i=1

(aixit + stiyit) ≤ bt, t = 1, . . . , T,

(xi, Ii, yi) ∈ Ci, i = 1, . . . , n,

yit ∈ {0, 1}, i = 1, . . . , n, t = 1, . . . , T.



Otimização Linear Cont́ınua e Discreta, PPGEP, UFSCar [Prof. Dr. Pedro Munari, munari@dep.ufscar.br]

Decomposição de Dantzig-Wolfe em problemas de Otimização Discreta 24

PDL com restrição de capacidade e tempo de preparação
▷ Formulação extensiva equivalente

Reescrevendo (xi, Ii, yi) como uma combinação convexa dos pontos extremos

de Ci, obtemos o Problema Mestre:

min
n∑

i=1

∑
q∈Qi

T∑
t=1

(citx̄qit + hitĪqit + sitȳqit)λ
i
q

s.a
n∑

i=1

∑
q∈Qi

(aix̄qit + stiȳqit)λ
i
q ≤ bt, t = 1, . . . , T,

∑
q∈Qi

λi
q = 1, i = 1, . . . , n,

λi
q ≥ 0, i = 1, . . . , n, q ∈ Qi,

yit ∈ {0, 1}, t = 1, . . . , T, i = 1, . . . , n,

yit =
∑
q∈Qi

λi
q ȳqit, t = 1, . . . , T, i = 1, . . . , n.
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s.a
n∑

i=1

∑
q∈Qi

(aix̄qit + stiȳqit)λ
i
q ≤ bt, t = 1, . . . , T,

∑
q∈Qi

λi
q = 1, i = 1, . . . , n,

λi
q ≥ 0, i = 1, . . . , n, q ∈ Qi,

yit ∈ {0, 1}, t = 1, . . . , T, i = 1, . . . , n

,

yit =
∑
q∈Qi

λi
q ȳqit, t = 1, . . . , T, i = 1, . . . , n.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta

min f(x) = cTx,

s.a Ax = b, (restrições de acoplamento)

Dx = d, (estrutura especial)

x ∈ Zn
+,

X = {x ∈ Zn | Dx = d, x ≥ 0}
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta

min f(x) = cTx,

s.a Ax = b, (restrições de acoplamento)

x ∈ X , (estrutura especial)

X = {x ∈ Zn | Dx = d, x ≥ 0}
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: Convexificação

▶ C = conv(X ): menor conjunto convexo contendo todos os pontos de X ;

▶ Se X é limitado, então C é o envoltório convexo dos pontos de X ;

min f(x) = cTx,

s.a Ax = b,

x ∈ C,

x ∈ Zn
+
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Subproblemas discretos
▷ Convexificação
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: Convexificação

▶ Pelo Teorema da Representação, todo x ∈ C = conv(X ) pode ser escrito

como uma combinação de pontos extremos e raios extremos de C:

x =
∑
q∈Q

λqx̄q +
∑
r∈R

µrx̄r,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

sendo x̄q, q ∈ Q, os pontos extremos de C e x̄r, r ∈ R, os raios extremos

de C. Substituindo no problema original...
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: Convexificação

Problema Mestre:

min cT

∑
q∈Q

λqx̄q +
∑
r∈R

µrx̄r



s.a A

∑
q∈Q

λqx̄q +
∑
r∈R

µrx̄r

 = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

x ∈ Zn
+,

x =
∑
q∈Q

λqx̄q +
∑
r∈R

µrx̄r.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: Convexificação

Problema Mestre:

min
∑
q∈Q

cqλq +
∑
r∈R

crµr

s.a
∑
q∈Q

aqλq +
∑
r∈R

arµr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R,

x ∈ Zn
+,

x =
∑
q∈Q

λqx̄q +
∑
r∈R

µrx̄r.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: Convexificação

▶ As duas últimas restrições têm o intuito apenas de garantir que a

combinação dos pontos extremos e raios extremos resulte em um ponto x

que seja inteiro;

▶ A relaxação linear do PM pode ser escrita como:

min
∑
q∈Q

cqλq +
∑
r∈R

crµr

s.a
∑
q∈Q

aqλq +
∑
r∈R

arµr = b,

∑
q∈Q

λq = 1,

λq ≥ 0, µr ≥ 0, q ∈ Q, r ∈ R.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: Discretização

▶ D = discr(X ): conjunto contendo todos os pontos inteiros e raios

extremos inteiros de X ;

Obs.: Um raio extremo inteiro é um raio extremo com coordenadas

inteiras; (é sempre posśıvel mudar a escala de um raio)

▶ Se X é limitado, então D é a enumeração dos pontos fact́ıveis de X ;

▶ O problema original pode então ser reescrito como:

min f(x) = cTx,

s.a Ax = b,

x ∈ D
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▶ O problema original pode então ser reescrito como:

min f(x) = cTx,

s.a Ax = b,

x ∈ D
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: Discretização

▶ Todo x ∈ D = discr(X ) pode ser escrito como uma combinação “inteira”

de pontos e raios de D:

x =
∑
q∈Q

λqx̄q +
∑
r∈R

µrx̄r,

∑
q∈Q

λq = 1,

λq ∈ {0, 1}, µr ∈ Z+, q ∈ Q, r ∈ R,

sendo x̄q, q ∈ Q, os pontos inteiros de C e x̄r, r ∈ R, os raios extremos

inteiros de C. Substituindo no problema original...
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta: Discretização

Problema Mestre:

min
∑
q∈Q

cqλq +
∑
r∈R

crµr

s.a
∑
q∈Q

aqλq +
∑
r∈R

arµr = b,

∑
q∈Q

λq = 1,

λq ∈ {0, 1}, q ∈ Q,

µr ∈ Z+, r ∈ R.

▶ Observe que a relaxação linear do PM obtido por discretização é igual à

do PM obtido por convexificação.
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Decomposição de Dantzig-Wolfe
▷ Problemas de otimização discreta

▶ Em ambos os casos, o Problema Mestre é um problema de programação

inteira

com um número muito grande de variáveis;

▶ Assim, para resolvê-lo usamos uma combinação do método de geração de

colunas com o método branch-and-bound, resultando no método

branch-and-price;

▶ A diferença do método branch-and-price para o método

branch-and-bound está no uso do método de geração de colunas para

resolver os problemas em cada nó;

▶ A geração de colunas é aplicada à relaxação linear do Problema Mestre

(nó raiz) modificado com posśıveis restrições de ramificação (demais nós);

▶ Desigualdades válidas também podem ser usadas, resultando em um

método branch-price-and-cut.
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inteira com um número muito grande de variáveis;
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Branch-and-price e branch-price-and-cut
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DDW para problemas com variáveis cont́ınuas
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DDW para problemas com variáveis cont́ınuas

Problema Mestre

Subproblemas
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DDW para problemas com variáveis discretas

ℤ
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DDW para problemas com variáveis discretas
▷ Barnhart et al., Operations Research 46, 1998

BRANCH-AND-PRICE: COLUMN GENERATION FOR SOLVING HUGE
INTEGER PROGRAMS

CYNTHIA BARNHART*, ELLIS L. J OHNSON, GEORGE L. NEMHAUSER,
MARTIN W. P. SAVELSBERGH, and PAMELA H. VANCE**

Georgia Institute of Technology, Atlanta, G eorgia

(R eceived February 1994; revisions received M ay 1995, J anuary 1996; accepted M arch 1996)

We discuss formulations of integer programs with a huge number of variables and their solution by column generation methods, i.e.,
implicit pricing of nonbasic variables to generate new columns or to prove L P optimality at a node of the branch-and-bound tree. We
present classes of models for which this approach decomposes the problem, provides tighter L P relaxations, and eliminates symme-
try. We then discuss computational issues and implementation of column generation, branch-and-bound algorithms, including special
branching rules and efficient ways to solve the L P relaxation. We also discuss the relationship with L agrangian duality.

T he successful solution of large-scale mixed integer
programming (M IP) problems requires formulations

whose linear programming (L P) relaxations give a good
approximation to the convex hull of feasible solutions. I n
the last decade, a great deal of attention has been given to
the “branch-and-cut” approach to solving M IPs. H offman
and Padberg (1985), and Nemhauser and Wolsey (1988)
give general expositions of this methodology.
The basic idea of branch-and-cut is simple. C lasses of

valid inequalities, preferably facets of the convex hull of
feasible solutions, are left out of the L P relaxation because
there are too many constraints to handle efficiently, and
most of them will not be binding in an optimal solution
anyway. Then, if an optimal solution to an L P relaxation is
infeasible, a subproblem, called the separation problem, is
solved to try to identify violated inequalities in a class. I f
one or more violated inequalities are found, some are
added to the L P to cut off the infeasible solution. Then the
L P is reoptimized. Branching occurs when no violated in-
equalities are found to cut off an infeasible solution.
Branch-and-cut, which is a generalization of branch-and-
bound with L P relaxations, allows separation and cutting
to be applied throughout the branch-and-bound tree.
The philosophy of branch-and-price is similar to that of

branch-and-cut except that the procedure focuses on col-
umn generation rather than row generation. I n fact, pric-
ing and cutting are complementary procedures for
tightening an L P relaxation. We will describe algorithms
that include both, but we emphasize column generation.
I n branch-and-price, sets of columns are left out of the

L P relaxation because there are too many columns to han-
dle efficiently and most of them will have their associated
variable equal to zero in an optimal solution anyway. Then
to check the optimality of an L P solution, a subproblem,
called the pricing problem, which is a separation problem
for the dual L P, is solved to try to identify columns to

enter the basis. I f such columns are found, the L P is reop-
timized. Branching occurs when no columns price out to
enter the basis and the L P solution does not satisfy the
integrality conditions. Branch-and-price, which also is a
generalization of branch-and-bound with L P relaxations,
allows column generation to be applied throughout the
branch-and-bound tree.
We have several reasons for considering formulations

with a huge number of variables.

Y A compact formulation of a M IP may have a weak L P
relaxation. F requently the relaxation can be tightened
by a reformulation that involves a huge number of
variables.

Y A compact formulation of a M IP may have a symmetric
structure that causes branch-and-bound to perform
poorly because the problem barely changes after
branching. A reformulation with a huge number of vari-
ables can eliminate this symmetry.

Y Column generation provides a decomposition of the
problem into master and subproblems. This decomposi-
tion may have a natural interpretation in the contextual
setting allowing for the incorporation of additional im-
portant constraints.

Y A formulation with a huge number of variables may be
the only choice.

A t first glance, it may seem that branch-and-price in-
volves nothing more than combining well-known ideas for
solving linear programs by column generation with branch-
and-bound. H owever, as A ppelgren (1969) observed 25
years ago, it is not that straightforward. There are funda-
mental difficulties in applying column generation tech-
niques for linear programming in integer programming
solution methods (J ohnson 1989). These include:

*Currently at M assachusetts I nstitute of Technology, Cambridge, M assachusetts.
**Currently at A uburn U niversity, A uburn, A labama.
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DDW para problemas com variáveis discretas
▷ Lubbecke and Desrosiers, Operations Research 53, 2005
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DDW para problemas com variáveis discretas
▷ Ralphs and Galati, Math Programmming 106, 2006
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Abstract. Decomposition algorithms such as Lagrangian relaxation and Dantzig-Wolfe decomposition are
well-known methods that can be used to generate bounds for mixed-integer linear programming problems.
Traditionally, these methods have been viewed as distinct from polyhedral methods, in which bounds are
obtained by dynamically generating valid inequalities to strengthen an initial linear programming relaxation.
Recently, a number of authors have proposed methods for integrating dynamic cut generation with various
decomposition methods to yield further improvement in computed bounds. In this paper, we describe a frame-
work within which most of these methods can be viewed from a common theoretical perspective. We then
discuss how the framework can be extended to obtain a decomposition-based separation technique we call
decompose and cut. As a by-product, we describe how these methods can take advantage of the fact that
solutions with known structure, such as those to a given relaxation, can frequently be separated much more
easily than arbitrary real vectors.
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DDW para problemas com variáveis discretas
▷ Desaulniers et al., Column Generation, 2005
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DDW para problemas com variáveis discretas
▷ Ramificação

▶ Em métodos branch-and-price e branch-price-and-cut, a ramificação deve

garantir que as soluções obtidas tenham valores inteiros;

▶ A ramificação nestes métodos é, em geral, mais complicada do que no

método branch-and-bound ;

▶ Em geral, ramificar diretamente nas variáveis λ tem desvantagens:

▶ Impor λj = 0 diretamente no problema mestre, fará com que a

respectiva coluna seja gerada novamente, resultando na mesma

solução fracionária (por que?);

(pra não ser gerada, precisaŕıamos evitar uma solução espećıfica no

subproblema, o que tipicamente compromete sua estrutura).

▶ Por outro lado, impor λj = 1 pode ser bastante restritivo, deixando a

árvore completamente desbalanceada.
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respectiva coluna seja gerada novamente, resultando na mesma

solução fracionária (por que?);
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DDW para problemas com variáveis discretas
▷ Ramificação

▶ Assim, as ramificações são tipicamente feitas em termos das variáveis

originais, podendo ser impostas no problema mestre ou nos subproblemas;

▶ Por exemplo, considere uma variável yit ∈ {0, 1} no problema original.

▶ Se a solução ótima obtida por geração de colunas, denotada por λ̄, é

fracionária em um dado nó, calculamos a solução em termos da variável

original, usando:

ȳit =
∑
q∈Qi

ȳqitλ̄
i
q, t = 1, . . . , T, i = 1, . . . , n.

▶ Se houver alguma ȳit fracionária, podemos ramificar criando dois nós

filhos, impondo yit = 0 em um e yit = 1 no outro.
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ȳit =
∑
q∈Qi
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DDW para problemas com variáveis discretas
▷ Ramificação

Ramificação no mestre

▶ Para um dado (i, t), para garantir yit = 0, adicionamos a seguinte

restrição em um dos filhos: ∑
q∈Qi

ȳqitλ
i
q = 0,

▶ No outro filho, para impor yit = 1, adicionamos:∑
q∈Qi

ȳqitλ
i
q = 1.

▶ Observe que as duais dessas novas restrição precisam ser inclúıdas no(s)

subproblema(s)!
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DDW para problemas com variáveis discretas
▷ Ramificação

Ramificação no subproblema

▶ Para um dado (i, t), vamos impor no subproblema de um dos nós filhos

que yit = 0.

Com isso, apenas colunas com essa caracteŕıstica serão

geradas. Importante: no mestre, antes de começar a geração de colunas,

precisamos excluir todas as colunas/variáveis que não satisfaçam yit = 0;

▶ No subproblema do outro filho, vamos impor yit = 1; Também precisamos

excluir todas as colunas que não satisfaçam essa restrição, antes de iniciar

a geração de colunas;

▶ Observação: Devemos evitar danificar a estrutura do subproblema (isto é,

evitar que o desempenho do algoritmo usado no nó raiz não se deteriore).
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▷ Ramificação

Ramificação no subproblema

▶ Para um dado (i, t), vamos impor no subproblema de um dos nós filhos

que yit = 0. Com isso, apenas colunas com essa caracteŕıstica serão
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geradas. Importante: no mestre, antes de começar a geração de colunas,
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DDW para problemas com variáveis discretas
▷ Ramificação

▶ Há muitas outras formas de ramificação e, em geral, o desempenho

depende do problema que está sendo resolvido;

▶ Não há necessidade de usarmos as variáveis originais. Por exemplo, a

regra de Ryan-Foster se baseia em subconjuntos disjuntos de variáveis do

mestre:

▶ Dados dois ı́ndices r e s de restrições do mestre, essa ramificação

consiste em criar dois nós filhos, de modo que em um deles seja

permitido apenas colunas com coeficientes não nulos em ambas as

restrições, e no outro seja permitido apenas colunas em que os

coeficientes de pelo menos uma dessas restrições seja nulo.
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coeficientes de pelo menos uma dessas restrições seja nulo.
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DDW para problemas com variáveis discretas
▷ Ramificação

▶ Há muitas outras formas de ramificação e, em geral, o desempenho

depende do problema que está sendo resolvido;

▶ Não há necessidade de usarmos as variáveis originais. Por exemplo, a

regra de Ryan-Foster se baseia em subconjuntos disjuntos de variáveis do

mestre:

▶ Dados dois ı́ndices r e s de restrições do mestre,

essa ramificação

consiste em criar dois nós filhos, de modo que em um deles seja

permitido apenas colunas com coeficientes não nulos em ambas as
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DDW para problemas com variáveis discretas
▷ Ramificação

▶ A regra de Ryan-Foster pode ser imposta no subproblema (ideia original),

se for posśıvel:

por exemplo, se o subproblema é um problema da mochila,

em um dos nós impomos que os itens r e s estejam sempre juntos; e no

outro nó, impomos que nunca podem estar juntos;

▶ Também podemos impor apenas no problema mestre, usando restrições

do tipo: ∑
q∈Q:

ȳqir=ȳqis=1

λq = 0,
∑
q∈Q:

ȳqir=ȳqis=1

λq = 1

quando a soma do lado esquerdo para uma dada solução seja fracionária

ao final da geração de colunas.
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DDW para problemas com variáveis discretas
▷ Ramificação

▶ As ramificações podem ser hierárquicas, começando com uma mais

simples e que pode ser heuŕıstica (pode não garantir o ótimo) e trocando

para uma mais sofisticada e que garanta o ótimo.
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▶ Obrigado pela atenção!

▶ Dúvidas?


